Introduction
The objective of this work is to present a rigorous formalism for the solution of engineering problems on vibrations in which the vibrating structure has a discrete distribution of loads. In essence, the problems considered here are a generalization of an early analysis by Timoshenko [1, 2] 1 of the longitudinal vibration of a bar with a load at the end. The analysis herein consists of identifying the various physical conditions of the problem with criteria for "self-adjointness" of the differential operators that arise in the mathematical description. The solution of the boundary-value problems is then obtained as a series expansion in terms of the eigenfunctions of the aforementioned self-adjoint operator by the method of finite Fourier transforms.
The formalism adopted here is rigorous and provides a convenient mode of expression of the solution. Furthermore, it does away with expressing the differential equation in the vibrational displacement with the incorporation of Dirac delta functions for the mass density of the vibrating structure [2] ; instead, it directly utilizes the differential equations which specially hold at the locations where the concentrated masses occur. The resulting formalism seeks stipulations of the initial values of displacement and velocity at all locations in the vibrating medium in a natural way. 1 Numbers in brackets designate References at end of paper. Contributed by the Applied Mechanics Division for publication in the JOURNAL OF APPLIED MECHANICS.
Discussion on this paper should be addressed to the Editorial Department, ASME, United Engineering Center, 345 East 47th Street, New York, N. Y. 10017, and will be accepted until February 15, 1975. Discussion received after this date will be returned. Manuscript received by ASME Applied Mechanics Division, December, 1973; final revision, May, 1974. Paper No. 74-APM-Z.
The problems which submit to the analysis presented in this paper may be unified by the following abstract version.
Let Q cz (R| 3 be a volume with boundary 3ft and let L be a differential operator of the Sturm-Liouville type (such as those considered in the examples) with a domain SDfLJ c (£,2(Q) defined by (i) conditions which ensure (L) c £2(0), (U) homogeneous boundary conditions.
Further let B be a boundary differential operator operating on functions defined on aft and in a small neighborhood extending into fl so that one-sided derivatives may be defined at any point on aft. However, we take the domain of B to be the same as that ofLsothat(fljiX>c£2(dfl).
The inner products in the spaces £2<ft) and £2(dti) are denoted by using appropriate subscripts. Also we denote the boundary value of every u-£i £2(fl) by Ub-Moreover u b £ £2(flft). We are interested in problems for which it is true that U,D£ SQ, 
We consider the direct sum of £, 2 (ft) and £ 2 (<?ft) denoted by 3C = £ 2 (ft) © £ 2 (3ft).2 Thus the ordered pair (u,u b ) £ 3C. The inner product in J3C is taken to be
Now the original pair of operators L and B may be reformulated into a single new operator Ton elements in3C, defined by
The domain of T, S>(T) is the set of elements (u,iib) where u £ i D(i)' From equations (B), (C), and (D) it is easily seen that
which implies that T is a symmetric operator in 3D(T) although i was not. Thus the powerful results for symmetric operators become applicable for the new operator T. It is this that forms the basis for the present work for such a symmetric operator is useful i in solving selected boundary-value problems. Equation (A) might seem somewhat arbitrary but is indeed true when the divergence theorem is applied to a large number of physical problems. The problems that are dealt with in the succeeding sections are essentially of the form
where L and B are operators discussed earlier or in terms of T we may rewrite the above problem as
This problem may be solved directly exploiting the symmetry of T.
Longitudinal Vibrations of a Prismatic Bar
Consider the forced longitudinal vibration of a prismatic bar of unit length the upper end of which is fixed. Further, the bar has weights Wi, W2, • • •, W n located at distances xi, x 2 , . . ., x n , respectively, measured from the fixed end. The bottom end of the bar is assumed to contain the weight Wn so that x" = 1. Other boundary conditions are of course possible at the bottom end but these do not significantly alter the formalism to be discussed here. Denoting the displacement from the equilibrium position by u(x, t), we have the differential equation
where E is the modulus of elasticity, g the acceleration due to gravity, and 7 is the specific weight of the bar material. The function F(x,t) originates from the external applied force and is not necessarily a continuous function, for example, at any of the points %\, X2, . . . x n -At the ith point x, the physical condition requires that
which also holds for the time derivatives of u, and for i = 1,2, . . . , n,
Equations (3) and (4) 
Equation (6) is a valid inner product since 7, E, and g are positive constants. It is readily seen that the operator T is not symmetric 4 in 'Sd'(T) under the inner product (6) for it is verifiable that
Rearrangement of (7) to obtain n.l
thwarts the definitions in the following section. 
It is readily verified that (10) satisfies all the axiomatic properties of an inner product. We now define an operator with a domain in 3Cby
The domain of L, denoted by £)(L), consists of elements f of 3C such that / £ S)(T) and /, = f(x,), i = 1, 2, ..., re. It now follows readily from (8) and (10) that
which shows that L is symmetric in S>(L). It is at this stage necessary to show that the unbounded operator L has a completely continuous self-adjoint inverse through the establishment of a symmetric Green's function. We will not establish this although it is clearly true but directly assume as a consequence that L has a countably infinite set of eigenvalues \Xn\ and an associated orthonormal family of eigenfunctions |h A .j which are complete in Thus'VlfG 1C we have
the equality signifying that
where the norm is generated by the inner product (10);
We shall now establish that L is a positive-definite operator by considering (Lf,f> for f G 2>(X).
which is positive so that the eigenvalues of L are nonnegative.
The eigenvalues and eigenfunctions of L are to be identified as follows: 
Equation ( 
The In coefficients ja/.ftl must satisfy In linear simultaneous, homogeneous, algebraic equations obtained from (n -1) continuity conditions at xi, x 2 , .. . x n -i, n equations (166) and (16c), and the boundary condition h(0) = O. Elimination of jft| from the use of the (n -1) continuity conditions yields the following homogeneous equations in.|a/|: Equation (20) is nonlinear and the eigenvalues are to be obtained by numerical methods. An alternative is to consider the minimization of the functional (15) subject to the constraint
through the direct methods of the variational calculus. Solution of the Boundary-Value Problem. Consider
t)...u(x n _i,t)u{l,t)]
which completely specifies the vibrational displacement of the beam at all locations. It is clear that \i(t) G 3C for every t. We have suppressed the argument x in u(t), as part of an abstract notation for elements of 3C. We further define the vector
t)...F(x". u t)F{l,t)}
so that Eft; G3C Vt. The boundary-value problem may now be represented as
The operation of L on u must be considered holding t constant.
The initial values for u and du/dt will be assumed to be given by
where where </ >, \p G 3C: it is obvious that u £,S)(L).
We take the inner product of equations (22) and (23) 
in which the on's, and /3 £ 's will have been determined through the normalization condition on h*,.
Lateral Vibrations of a Prismatic Bar
We next consider the forced lateral vibration of a beam of unit length which has concentrated masses w%, u>z, ... w n located at xi, X2, .. ., % n , respectively, from the left end of the beam. The displacement from equilibrium u(x, t) must satisfy the .differential equation
For our purposes, it is not necessary to identify precisely the boundary conditions at the extreme ends of the beam (except for the requirement that the boundary conditions must be homogeneous and unmixed, 6 a. condition always physically satisfied) but for the sake of convenience we shall assume the left end to be "built in" and the right end to be free. Thus the boundary conditions are u(0,t) -0;'?M/8x(fV) = 0.
(30)
Besides at the ith point ai the deflection u (as also its time derivatives) must be continuous; du/dx is also continuous since d 2 
•aVaiV,, 0 + F(x it t) (32)
Again, for the sake of simplicity, we make the assumption of uniform cross section. Equations (29)-(32), together with initial values for u and du/dt, completely specify the mathematical problem.
In view of the discussions on the previous problem we will present the formalism for the solution of the problem on hand without providing the motivation for the various definitions that follow.
Consider the Hilbert space 3C = £2[0,1] ffi (R m as before with an inner product defined by
where f and g are elements of 3C.
We define an operator L on a domain ©(X) G 3C to be identified presently.
The domain '£>(L) contains elements of f G 3C such that /, /', and /" are continuous in (0,1) and /(0) = /'(0) = /"(I) = f" AX) = 0. Furthermore, the usual conditions of absolute continuity must be imposed so that f iv (x) G £2(0,1]. Finally, we observe that f(*t) =fr,i = 1,2,.. .,n.
Through a straightforward algebraic manipulation, L can be seen to be symmetric in £)(L) under the inner product (33). Thus, for f, g€2D(XJ,
Again we assert (without proving) that L has a completely continuous self-adjoint inverse which guarantees that L has a countably infinite set of real eigenvalues \\ii] and an associated set of orthonormal eigenfunctions, |h fe ), complete in 3C. It is also readily verified that the operator L which on equating components gives
On letting n* -XyA/EIg, the solution of (38) may be written as for i = 1, 2,. .. n + 1,
for Xi-i < x < xi where we have assumed xo -0 and x n +i = 1. Equation (40) 
Equations (39) imply that for i = 1, 2, . . ., n,
Equations (41)- (48) 
u(x,t)u(x i ,t)...u{x"t)] F T (t) = [F(x,t)F(x i ,t)...F( X ",t)]
so that u(t), V(t) G 3C V t. The boundary-value problem is now represented by from which u is obtained by writing
Vibration of a Circular Plate With a Loaded Rim
As our third example, we consider the vibration of a thin'annular circular plate with a loaded outer rim and whose inner periphery is clamped. The vibrational displacement u(r,6,t) where N and h are the flexural rigidity and the thickness, respectively, of the plate. Further, the boundary conditions at the clamped edge y = b are
while at the free loaded outer rim r = a, we have [4] [l/vB 2 
The physical conditions on u can be easily shown to imply that uftj G £>(L) V t so that
Taking the inner product of equation (49) with the feth eigenfunction h/, we obtain 
Equation (61) derives from a rearrangement of (56). Also h, dh/68 and !> 2 h/SrdB must have identical values at 8 = 0 and 8 = 2JT. A further restriction on 3> is that an operator L to be defined presently on 2) should be such that 3>(X) C 3d (which implies certain conditions of absolute continuity on h and its derivatives). L is defined by which obtains from using standard vector identities. On application of the divergence theorem and subsequent rearrangement recognizing the boundary conditions (60) and (61) 
Equations (71) where k = k(j,m) specified by the renumbering system, and C*, Dk, Eh, Fi, are known uniquely from the normalization condition on h*; i.e., ||h*|| = 1 where the norm is generated by the inner product (59).
Finally, we observe that for each \k if (h* 1 ,!!* 2 ) ^ 0 one may orthogonalize them by the Gram-Schmidt orthogonalization process, so that we may assume them to be orthogonal. Thus, by a further minor alteration of the numbering scheme, jh ft ) may be considered as an orthonormal set of eigenfunctions complete in Solution of Boundary-Value Problem. The boundary-value problem (54)-(58) may now be solved by defining a displacement vector <u(t) u T {t) =[u{r,6,t)u{a,9,t)} .
Equations (54) and (57) 
Equation (75) 
Since what remains is precisely analogous to the treatment of the previous examples, we conclude our discussion of the present example.
Conclusions
We have presented three examples of forced-vibration problems for which the formalism developed herein provides elegant solutions. The purpose of this exercise was to show that the more complicated problems are amenable to the same kind of formalism as the elementary problems provided that the appropriate function space, operator, and inner product on that familiar space are recognized. No claim is made concerning any improvement in the efficacy of computation only the claim that a selfadjoint formalism reduces the problems to problems of a more recognizable kind. Undoubtedly other problems may be treated in a similar fashion such as the vibration of the knotted string and other plate problems.
